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Several interesting inﬁnite series relations were derived recently by applying such
operators of fractional calculus as the familiar Riemann–Liouville fractional differ-
integral operator 0Dµz of (real or complex) order µ. The main object of this paper
is to present much simpler alternative derivations of substantially more general
families of inﬁnite series relations without using fractional calculus. Some relevant
connections among various known results are also provided. © 2000 Academic Press
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1. INTRODUCTION
The subject of fractional calculus (that is, integrals and derivatives of any
real or complex order) has gained noticeable importance and popularity
during the past three decades or so, due mainly to its demonstrated appli-
cations in many seemingly diverse ﬁelds of science and engineering (see,
for details, [6, 10, 13]). Much of the theory of fractional calculus is based
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upon the familiar differintegral operator cD
µ
z deﬁned by
cD
µ
z f z =
1
m− µ
dm
dzm
∫ z
c
z − ζm−µ−1f ζdζ (1.1)
m > µm ∈ 0 =  ∪ 	0
 = 	1 2 3   

which, for c = 0, deﬁnes the classical Riemann–Liouville fractional deriva-
tive (or integral) of order µ (or −µ). Many recent works (or serendipities)
involving fractional calculus, especially in the area of closed-form summa-
tion of inﬁnite series, did indeed revive (as illustrations emphasizing the
usefulness of the underlying fractional calculus techniques) various special
cases and consequences of the following well-known (rather classical) result
in the theory of the Psi (or Digamma) function ψz:
∞∑
n=1
νn
nλn
= ψλ − ψλ− ν (1.2)
λ− ν > 0λ /∈ −0 = 	0−1−2   

where
ψz = d
dz
	logz
 = 
′z
z or logz =
∫ z
1
ψζdζ (1.3)
and λn denotes the Pochhammer symbol (or the shifted factorial, since
1n = n!) deﬁned, in terms of the Gamma function, by
λn =
λ+ n
λ =
{
1 n = 0
λλ+ 1 · · · λ+ n− 1 n ∈ . (1.4)
For a reasonably detailed historical account of the summation for-
mula (1.2), and also of its numerous consequences and generalizations,
one may refer to the work on the subject by Nishimoto and Srivastava [8],
who also provided a number of relevant earlier references on summation
of inﬁnite series by means of fractional calculus. Many further develop-
ments on this subject are reported (among others) by Srivastava [14],
Al-Saqabi et al. [1], Aular de Dura´n et al. [2], and Wu et al. [18].
From the aforementioned work of Nishimoto and Srivastava [8], we
choose to recall here two interesting consequences of the summation
formula (1.2), which are contained in
Theorem 1 (Nishimoto and Srivastava [8, p. 104]). Let 	n
∞n=0 be a
suitably bounded sequence of complex numbers.
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Then
∞∑
n=1
νn
nλn
∞∑
k=0
k
λ+ nk
zk
k!
=
∞∑
k=0
k
λk
ψλ+ k − ψλ− ν + kz
k
k!
λ− ν > 0λ ∈ −0 
(1.5)
and
∞∑
n=1
νn
nλn
∞∑
k=0
ν + nk
λ+ nk
k
zk
k!
=
∞∑
k=0
νk
λk
ψλ+ k − ψλ− νk
zk
k!
λ− ν > 0λ /∈ −0 
(1.6)
provided that each of the series involved converges absolutely.
By setting
n =
α1n · · · αrn
β1n · · · βsn
n ∈ 0 (1.7)
Nishimoto and Srivastava [8] also presented a generalized hypergeometric
form of each of their assertions (1.5) and (1.6). One of these hypergeomet-
ric summation formulas of Nishimoto and Srivastava [8, Eq. (4.8), p. 105]
was rederived, by means of the aforementioned fractional calculus tech-
niques based upon the Riemann–Liouville fractional differintegral operator
0D
µ
z deﬁned by (1.1) with c = 0, ﬁrst by Nishimoto and Saxena [7, Eq. (22),
pp. 137–138] and (more recently) by Choi [4, Eq. (4), p. 140]. A reference
to the result due to Nishimoto and Srivastava [8, Eq. (4.8), p. 105] is con-
spicuously missing in each of these latter works (especially in the work of
Choi [4]).
A mild generalization of each of the assertions (1.5) and (1.6) of
Theorem 1 is contained in
Theorem 2 (Pandey and Srivastava [9, Theorems 2 and 3, pp. 160–161]).
Under the hypotheses of Theorem 1, let ρk be a given function of the discrete
variable k with ρk 0 k ∈ 0.
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Then
∞∑
n=1
νn
n
∞∑
k=0
k
λ+ n+ ρk
zk
k!
=
∞∑
k=0
k
λ+ ρk ψλ+ ρk − ψλ− ν + ρk
zk
k!
λ− ν > 0ρk 0 k ∈ 0λ ∈ −0 
(1.8)
and
∞∑
n=1
1
n
∞∑
k=0
ν + n+ ρk
λ+ n+ ρkk
zk
k!
=
∞∑
k=0
ν + ρk
λ+ ρk ψλ+ ρk − ψλ− νk
zk
k!
λ− ν > 0ρk 0 k ∈ 0λ /∈ −0 
(1.9)
provided that each of the series involved converges absolutely.
The main purpose of this paper is to investigate rather systematically
several general families of inﬁnite series relations which stem naturally
from the summation formula (1.2) and its such consequences as the asser-
tions (1.5) and (1.6) of Theorem 1. We also consider relevant connections
of the results presented here with various results which were derived earlier
with or without the use of fractional calculus operators.
2. GENERALIZATIONS OF THEOREM 1
By means of certain fractional calculus operators involving the Gauss
hypergeometric function as the kernel, Raina [11] gave another generaliza-
tion of the assertion (1.5) of Theorem 1. Subsequently, while presenting
a much simpler direct proof of Raina’s result, Srivastava [17] also derived
an analogous generalization of the assertion (1.6) of Theorem 1. Just as
Theorem 2 provides a mild generalization of Theorem 1, the results of
Raina [11] and Srivastava [17] can easily be generalized to the forms given,
respectively, by Theorems 3 and 4 below.
Theorem 3. In terms of a suitably bounded sequence 	n
∞n=0 of complex
numbers, let
Tnz =
∞∑
k=0
k
λ− α+ ρkλ− β+ ρk
λ+ n+ ρkλ− α− β+ ρk
· 3F2
[ ν + n αβ
1
ν λ+ n+ ρk
]
zk
k!
 (2.1)
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where ρk is a given function of the discrete variable k with ρk 0
k ∈ 0.
Then
∞∑
n=1
νn
n
Tnz =
∞∑
k=0
kψλ− α+ ρk + ψλ− β+ ρk
− ψλ− ν + ρk − ψλ− α− β+ ρkz
k
k!
λ > max	να+ β
ρk 0 k ∈ 0λ ∈ −0 
(2.2)
provided that each of the series involved converges absolutely.
Theorem 4. In terms of a suitably bounded sequence 	n
∞n=0 of complex
numbers, let
Snz =
∞∑
k=0
k
λ− α+ ρkν + n+ ρk
λ+ n+ ρk
· 3F2
[ ν + n+ ρk αβ
1
ν + ρk λ+ n+ ρk
]
zk
k!
 (2.3)
where ρk is a given function of the discrete variable k with ρk 0
k ∈ 0.
Then
∞∑
n=1
1
n
Snz =
∞∑
k=0
k
λ− α− β+ ρkν + ρk
λ− β+ ρk
· ψλ− α+ ρk + ψλ− β+ ρk − ψλ− ν
− ψλ− α− β+ ρkz
k
k!
(2.4)
λ > max	να+ β
ρk 0 k ∈ 0λ /∈ −0 
provided that each of the series involved converges absolutely.
Our direct proofs of Theorems 3 and 4 along the lines already detailed
by Srivastava [17, pp. 156–157] are based upon (1.2) as well as the summa-
tion formula:
∞∑
n=0
anbn
n!cn
ψc + n − ψc
= cc − a− b
c − ac − b ψc − a + ψc − b − ψc
− ψc − a− b (2.5)
c − a− b > 0 c /∈ −0 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which, in turn, follows from the Gauss summation theorem:
2F1
[a b
1
c
]
= cc − a− b
c − ac − b (2.6)
c − a− b > 0 c /∈ −0 
in view of the obvious derivative formula:
∂
∂c
{
2F1
[a b
z
c
]}
= −
∞∑
n=0
anbn
cn
ψc + n − ψcz
n
n!
(2.7)
z < 1 z = 1 and c − a− b > 0 c /∈ −0 
In their special case when
ρk = k k ∈ 0 (2.8)
Theorems 3 and 4 would immediately yield the aforementioned results
of Raina [11, Eq. (1.5), p. 173] and Srivastava [17, Theorem 3, p. 155],
respectively.
Next, by merely inverting the order of summation in the deﬁnitions (2.1)
and (2.3), we can easily rewrite the assertions (2.2) and (2.4) in their alter-
native forms given, respectively, by Theorems 5 and 6 below.
Theorem 5. Under the various relevant hypotheses of Theorem 3,
∞∑
n=1
νn
n
∞∑
k=0
ν + nkαkβk
k!νk
·
∞∑
"=0
"
λ− α+ ρ"λ− β+ ρ"
λ+ n+ k+ ρ"λ− α− β+ ρ"
z"
"!
=
∞∑
k=0
kψλ− α+ ρk + ψλ− β+ ρk
− ψλ− ν + ρk − ψλ− α− β+ ρkz
k
k!
(2.9)
λ > max	να+ β
ρk 0 k ∈ 0λ /∈ −0 
provided that each of the series involved converges absolutely.
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Theorem 6. Under the various relevant hypotheses of Theorem 4,
∞∑
n=1
1
n
∞∑
k=0
αkβk
k!
∞∑
"=0
"
· λ− α+ ρ"ν + k+ ρ"ν + n+ k+ ρ"
ν + ρ"λ+ n+ k+ ρ"
z"
"!
=
∞∑
k=0
k
λ− α− β+ ρkν + ρk
λ− β+ ρk
· ψλ− α+ ρk + ψλ− β+ ρk
− ψλ− ν − ψλ− α− β+ ρkz
k
k!
(2.10)
λ > max	να+ β
ρk 0 k ∈ 0λ /∈ −0 
provided that each of the series involved converges absolutely.
Some known special cases and consequences of the various results pre-
sented here are worthy of mention. First of all, in [8, assertion (1.6) of
Theorem 1], we set
k =
λ− µk−σk
νk
k! k ∈ 0σ ∈ 0 and z = 1 (2.11)
and apply the summation formula (2.5). We thus obtain the ﬁrst main result
of Raina and Ladda [12, Eq. (2.1), p. 190]. See also Eq. (3.14) below.
In their special cases when
ρk = k k =
k!Ak
νkλ− αk
k ∈ 0 α = λ− µ
β = −σ σ ∈ 0 and z = 1 (2.12)
Theorems 5 and 6 would immediately yield the other two main results of
Raina and Ladda [12, Eqs. (2.7) and (2.8), p. 192].
Remark 1. Since Theorems 5 and 6 with the constraint (2.8), also
involved in (2.12), were given essentially by Raina [11] and Srivastava [17],
respectively, as we indicated above, the aforementioned main results of
Raina and Ladda [12, Eqs. (2.7) and (2.8), p. 192] are already contained in
these earlier works of Raina [11] and Srivastava [17].
Remark 2. The additional constraint σ ∈ 0 imposed by Raina and
Ladda [12] is obviously unnecessary as long as the various series involved
are assumed to be absolutely convergent.
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3. FUNCTIONAL RELATIONS INVOLVING THE H-FUNCTION
An inﬁnite series relation (involving the Digamma function ψz and
the H-function of Fox [5]) was derived by Nishimoto and Saxena [7] by
applying the Riemann–Liouville fractional differintegral operator 0D
µ
z in
a manner employed by numerous other workers on the subject. A direct
(and elementary) proof of a mild generalization of this functional relation
of Nishimoto and Saxena [7] was given by Srivastava and Nishimoto [15].
Subsequently, Pandey and Srivastava [9] derived (among other results) an
interesting companion of the general functional relation proven directly by
Srivastava and Nishimoto [15].
With a view to developing two general families of functional relations
involving the H-function, we choose to recall here some useful facts con-
cerning Fox’s H-function which is deﬁned, in terms of a certain Mellin-
Barnes contour integral, by (cf., e.g., Srivastava et al. [16, Chap. 2])
Hpqrs z = Hpqr s
[
z
∣∣∣∣∣
α1A1     αrAr
β1 B1     βs Bs
]
= 1
2πi
∫

*ζzζdζ i =
√
−1 (3.1)
with
*ζ =
∏p
j=1 βj − Bjζ
∏q
j=1 1− αj +Ajζ∏s
j=p+1 1− βj + Bjζ
∏r
j=q+1 αj −Ajζ
 (3.2)
where an empty product is interpreted (as usual) as 1; the integers p q r s
satisfy the inequalities:
0 q r and 1p s
the coefﬁcients
Aj > 0 j = 1     r and Bj > 0 j = 1     s
and the complex parameters
αj j = 1     r and βj j = 1     s
are so constrained that no poles of the integrand coincide, and  is a
suitable contour of the Mellin–Barnes type (in the complex ζ-plane) that
separates the poles of one product from those of the other. Furthermore,
if we let
 =
q∑
j=1
Aj −
r∑
j=q+1
Aj +
p∑
j=1
Bj −
s∑
j=p+1
Bj > 0 (3.3)
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then the integral in (3.1) converges absolutely and deﬁnes the H-function,
analytic in the sector:
 argz < 1
2
π (3.4)
the point z = 0 being tacitly excluded.
We remark in passing that a study of one form or the other of the
H-function, which was initiated as long ago as 1888 by S. Pincherle
(1853–1936), appeared in the works of E. W. Barnes (1874–1953) in 1908,
H. Mellin (1854–1933) in 1910, A. L. Dixon (1867–1955) and W. L. Ferrar
(1893–1990) in 1936, S. Bochner (1899–1982) in 1958, and several oth-
ers. A ﬁrst systematic discussion of the properties of the H-function as a
symmetrical Fourier kernel was incorporated in a monumental paper [5]
by Charles Fox (1897–1977) whose name has been associated with this
function in the literature ever since.
The following representation of the H-function in a computable form is
due to Braaksma [3] (see also Srivastava et al. [16, Eq. (2.2.4), p. 12]):
Hpqr s z =
p∑
h=1
∞∑
k=0
−1k-ξh kzξhk
k!Bh
 (3.5)
where
ξ = ξh k = k+ βh
Bh
h = 1     pk ∈ 0 (3.6)
and [cf. Eq. (3.2)]
-ξ =
∏p
j=1j =h βj − Bjξ
∏q
j=1 1− αj +Ajξ∏s
j=p+1 1− βj + Bjξ
∏r
j=q+1 αj −Ajξ
 (3.7)
provided that either
ω =
s∑
j=1
Bj −
r∑
j=1
Aj > 0 and 0 < z < ∞ (3.8)
or
ω = 0 and 0 < z < R =
r∏
j=1
A
−Aj
j
s∏
j=1
B
Bj
j  (3.9)
In view of the H-function representation (3.5), we apply Theorems 5 and 6
by setting
ρk = Cξh k C > 0 and k =
−1k-ξh k
Bh
k ∈ 0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replacing z by z1/Bh , multiplying each member of the assertions (2.9)
and (2.10) by zβh/Bh , and summing both sides of the resulting equations
from h = 1 to h = p 1p s, ξh k and -ξ being deﬁned by (3.6)
and (3.7), respectively. We thus readily arrive at the following general
families of functional relations involving the H-function:
∞∑
n=1
νn
n
∞∑
k=0
ν+nkαkβk
k!νk
·Hpq+2r+2s+2
[
z
∣∣∣∣1−λ−αC1−λ−βCα1A1αrArβ1B1βsBs1−λ−n−kC1−λ+α+βC
]
=
p∑
h=1
∞∑
k=0
−1k-ξhk
Bh
zξhk
k!
ψλ−α+Cξhk
+ψλ−β+Cξhk−ψλ−ν+Cξhk
−ψλ−α−β+Cξhk C>0 (3.10)
and
∞∑
n=1
1
n
∞∑
k=0
αkβk
k!
·Hpq+3r+3s+2
[
z
∣∣∣∣1−λ−αC1−ν−kC1−ν−n−kCα1A1αrArβ1B1βsBs1−νC1−λ−n−kC
]
=
p∑
h=1
∞∑
k=0
−1k-ξhk
Bh
λ−α−β+Cξhkν+Cξhk
λ−β+Cξhk
zξhk
k!
·ψλ−α+Cξhk+ψλ−β+Cξhk−ψλ−ν
−ψλ−α−β+Cξhk C>0 (3.11)
each of which holds true under such conditions as those given with
(2.9), (2.10), (3.3), (3.4), (3.8), and (3.9), ξh k and -ξ being deﬁned
(as before) by (3.6) and (3.7), respectively.
For α = β = 0, the functional relation (3.10) was given by Srivastava
and Nishimoto [15, Eq. (15), p. 71], whose further special case when C = 1
(in addition to the constraint α = β = 0) happens to be the main result of
Nishimoto and Saxena [7]. On the other hand, a special case of the func-
tional relation (3.11) when α = β = 0 was proven by Pandey and Srivastava
[9, Eq. (3.6), p. 163].
Next we apply Theorems 5 and 6 in order to deduce one more family of
functional relations involving the H-function. Indeed, by setting
z = 0 and ρ0 = 0
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in (2.9) and (2.10), we immediately obtain the following series relation:
∞∑
n=1
νn
nλn
∞∑
k=0
ν + nkαkβk
k!νkλ+ nk
= λλ− α− β
λ− αλ− β
· ψλ− α + ψλ− β − ψλ− ν − ψλ− α− β (3.12)
λ > max	να+ β
λ /∈ −0 
which, for β = λ− µ, assumes the equivalent form:
∞∑
n=1
νn
nλn
∞∑
k=0
ν + nkαkλ− µk
k!νkλ+ nk
= λµ− α
µλ− α
· ψλ− α + ψµ − ψλ− µ − ψµ− α (3.13)
λ− ν > 0µ− α > 0λ /∈ −0 
which, in the further special case when α = −σ σ ∈ 0, yields the afore-
mentioned ﬁrst main result of Raina and Ladda [12, Eq. (2.1), p. 190].
Upon replacing λ in (3.13) by
λ+ Cξh " C > 0 " ∈ 0
if we multiply both sides of the resulting equation by
−1"-ξh "
Bh
zξh"
"!

sum each side from " = 0 to " = ∞ (and from h = 1 to h = p), and apply
the H-function representation (3.5) on the left-hand side, we shall ﬁnally
obtain the functional relation:
∞∑
n=1
νn
n
∞∑
k=0
ν + nkαk
k!νk
·Hpq+2r+2 s+2
[
z
∣∣∣∣∣ 1− λC 1− λ+ µ− kC α1A1     αrArβ1 B1     βs Bs 1− λ+ µC 1− λ− n− kC
]
=
p∑
h=1
∞∑
k=0
−1k-ξh k
Bh
λ+ Cξh kµ− α
µλ− α+ Cξh k
zξhk
k!
· ψλ− α+ Cξh k + ψµ − ψλ− ν + Cξh k
− ψµ− α C > 0 (3.14)
which holds true under such conditions as those stated already with (3.3),
(3.4), (3.8), (3.9), and (3.13), ξh k and -ξ being deﬁned (as before)
by (3.6) and (3.7), respectively.
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Remark 3. A special case of this last functional relation (3.14) with the
additional (obviously unnecessary) constraint:
α = −σ σ ∈ 0
would provide the corrected version of a known result [12, Eq. (4.6), p. 195].
We conclude this presentation by remarking further that the following
uniﬁcation (and generalization) of numerous summation formulas extend-
ing the classical result (1.2) is due to Srivastava (cf. [14, Eq. (1.3), p. 80]):
m∑
n=1
a+ 2n
na+ n
bncn1+ 2a− b− c +mn−mn
1+ a− bn1+ a− cnb+ c − a−mn1+ a+mn
= ψ1+ a− b + ψ1+ a− c + ψ1+ a+m + ψ1+ a− b− c +m
− ψ1+ a − ψ1+ a− b− c − ψ1+ a− b+m
− ψ1+ a− c +m m ∈ 0 (3.15)
where an empty sum is interpreted (as usual) to be nil. It may be of interest
to investigate some of the applications of Srivastava’s general result (3.15)
in place of those of its very specialized form (1.2).
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